In this paper we use the semi-analytical approach to analyze gravitational lensing of remote objects (quasars) by dark halos in various cosmologies in order to determine the sensitivity of the predictions for probabilities of splitting-angles of multiple images to the input assumptions regarding halo properties and cosmological model. All models are variants of the cold dark matter scenario and all fail in that they predict too many occurrences of large splitting lenses. The mass function of dark halos is assumed to be given by the Press-Schechter function. The mass density profile of dark halos is alternatively taken to be the singular isothermal sphere, the NFW (Navarro-Frenk-White) density profile, and the generalized NFW density profile which has a different slope at small radii.
ABSTRACT
In this paper we use the semi-analytical approach to analyze gravitational lensing of remote objects (quasars) by dark halos in various cosmologies in order to determine the sensitivity of the predictions for probabilities of splitting-angles of multiple images to the input assumptions regarding halo properties and cosmological model. All models are variants of the cold dark matter scenario and all fail in that they predict too many occurrences of large splitting lenses. The mass function of dark halos is assumed to be given by the Press-Schechter function. The mass density profile of dark halos is alternatively taken to be the singular isothermal sphere, the NFW (Navarro-Frenk-White) density profile, and the generalized NFW density profile which has a different slope at small radii.
The cosmologies being considered include: the Einstein-de Sitter model (i.e. the standard cold dark matter model), which is a flat universe without a cosmological
constant; the open model, which is a universe with negative spatial curvature but without a cosmological constant; and the Λ-model, which is a flat universe with a positive cosmological constant. As expected, we find that, the lensing probability is very sensitive to the mass density profile of the lenses (dark halos), the mass density of matter in the universe, and the amplitude of primordial fluctuations. The more concentrated the density distribution is, the higher the lensing probability it produces. The bigger the mass density in the universe and the amplitude of the primordial fluctuations are, the higher the lensing probability is. With suitable normalization of the amplitude of the primordial fluctuations, we find that the Ω m = 1 standard cold dark matter model produces the least lensing, smaller than that for the open model and the Λ model by two orders of magnitudes. But the difference in lensing probability in the open model and the Λ-model is not big, due to the fact that the mass density of matter and the amplitudes of the primordial fluctuations in the two models are similar. Most surprisingly, all the models considered in the paper produce a big tail in the lensing probability for the splitting angles greater than 3
′′ , which appears to be absent in observations. This failure appears to be another manifestation of the tendency for CDM models to have too much power on small scales, i.e. too much mass concentration. From our sensitivity studies it appears that the cures proposed for the other difficulties of CDM would help here as well, an example being the warm dark matter variant. One computed model, designed to test the warm dark matter scenario, LWDM predicts a probability of large splittings more than two orders of magnitude lower than the comparable LCDM model.
Subject headings: cosmology: gravitational lensing -galaxies: clusters: general -galaxies: halos
Introduction
It is well known that gravitational lenses directly probe the mass distribution in the universe on large scales, so the investigation of lensing events of background quasars at high redshifts can tell us important information about cosmology. In fact a number of groups have attempted to test cosmological models by comparing lensing probabilities predicted by various cosmological models with those obtained from observations (Narayan and White 1988; Cen et al. 1994; Bartelmann et al. 1998 , and references therein). In the statistical study of gravitational lensing in cosmology, two different approaches have been used: one is to study the lensing probability of splitting angles of multiple images (Wambsganss et al. 1995; Wambsganss, Cen, and Ostriker 1998; Kochanek 1995) , the other is to study the lensing probability of the length-to-width ratio of arcs formed by gravitational lensing Bartelmann and Weiss (1994) ; Bartelmann et al. (1998) . The two approaches reflect two different aspects of gravitational lensing and are complimentary to each other, both of them deserve detailed investigations. In this paper we focus on the angle splitting of multiple images caused by gravitational lensing. The case of length-to-width ratio of arcs will be considered in another paper. Results of the work done in testing cosmological scenarios to date are inconclusive with no clear preference found for any of the current models.
Perhaps the reason for this indeterminacy is that lensing also probes small scale structure. While this is known, its importance has perhaps not been appreciated sufficiently.
Gravitational lensing provides an exquisitely sensitive test to the high k part of the power spectrum because it is this part which establishes the central profiles of dark matter structures. Since lensing is comparably sensitive to input assumptions concerning lens properties, cosmological model, and specific input parameters it is hazardous to use observed lensing statistics to draw inferences with regard to cosmology before determining the sensitivity to other factors. The primary purpose of this paper to is to quantitatively assess the sensitivity of lensing expectations to the various input parameters so that this tool can be used to greatest effects.
To determine the probability for gravitational lensing, we need to know the mass density profile of lenses (dark halos), the mass function (which gives the mass distribution and the number density of lenses in the universe), the structure and global features of the universe (the universe is flat, closed, or open, the matter content in the universe, etc), and the positions and shapes of the source objects (quasars). For studying the angular splitting of multiple images, it is enough to assume the source objects are points at high redshifts. In the framework of the Friedmann-Robertson-Walker models, there are various cosmologies as candidates for describing our universe, among which the most popular ones are the Einstein-de Sitter universe, which assumes zero curvature and a zero cosmological constant (SCDM); the open universe, which assumes negative curvature and a zero cosmological constant (OCDM); and the flat universe, which assumes zero curvature and a positive cosmological constant (LCDM) (Peebles 1993; Ostriker and Steinhardt 1995) . The matter contents in the universe are usually assumed to be dominated by dark matter: cold dark matter, warm or hot dark matter, or the mixture of them (Kolb and Turner 1990; Peebles 1993) . Different kinds of dark matter give rise different mass density profiles for dark halos.
The power spectrum of the primordial fluctuations determines the mass distribution and the number density of dark halos in the universe. In studying gravitational lensing, the cosmological models, the matter contents in them, the power spectrum of the primordial fluctuations, and the source object positions are pre-assumed. Then the mass density fluctuations evolve according to the Einstein equations, which can be traced with numerical simulations. As time goes on, gravitationally bounded objects (dark halos) are formed, which play the role of lenses. The mass density profile, and the mass function of lenses in the universe naturally come out from simulations. Then we can obtain the number of lensing events and thus the lensing probability. This is the basic spirit of numerical simulations.
With this approach, the mass density profile of lenses and the mass function of lenses (which gives the mass distribution and number density of lenses) appear naturally as the results of simulation, they do not need to be pre-assumed. However, numerical simulations have their own limitations. First, numerical simulations usually take a great deal of computer time, which makes it inconvenient to test several different models at a time. Second, in every numerical simulation there are two limits on the spatial scales: the size of box, which is the maximum scale and determines the presence or absence of intrinsically rare events, and the size of fundamental cell (i.e. the resolution), which is the minimum scale. Correspondingly this gives rise the upper and lower bonds on the mass of halos formed in the simulation, which results in that the number of lensing events for small splitting angles (caused by halos with small mass) and large splitting angles (caused by halos with big mass) will be significantly underestimated. This last deficit is seen by comparing the simulation results of Wambsganss et al. (1995) with the analytical results of Kochanek (1995) , which will also be confirmed by the results in this paper. Furthermore the results are very sensitive to inner most parts of the profiles which are most subject to problems of numerical resolution (cf. Ghigna 1999; Klypin 2000) . Ultimately, numerical simulations are required to best determine the expected halo properties. The current generation of numerical simulations has insufficient dynamical range to simultaneously address accurately both large and small scale structure but forthcoming 1024 3 particle simulations may remedy this defect. For the present semi-analytical methods may be best adapted to explore the sensitivity of the results to the input parameters.
In the semi-analytical approach, the mass density profile and the mass function of lenses are pre-assumed and can be adjusted results following from various dark matter assumptions. Though this makes us rely on the assumed density profile and mass function, it has the advantages that the calculation of the lensing probability can be handled with semi-analytical methods, which takes much less computer time than numerical simulations, so several different models can easily be tested at a time. And, in this approach, there are not the limitations in spatial scales and mass scales as necessitated in numerical simulations; the lensing probability for small splitting angles and large splitting angles can be obtained easily. The mass density profile is often taken to be a singular isothermal sphere (SIS), the mass function is usually taken to be the Press-Schechter function (Kochanek 1995) .
Though the singular isothermal sphere profile is simple for calculation, it doesn't fit the simulation results of cold dark matter halos at either large or small radii. White (1996, 1997) have proposed a "universal" density profile (the so-called NFW profile) which has been shown to fit the simulation results somewhat better. A generalized NFW (GNFW) profile with somewhat steeper inner slopes intermediate between NFW and SIS appears to provide a still better fit to simulated profiles (Zhao 1996; Ghigna et al. 1999; Subramanian, Cen, and Ostriker 1999; Jing and Suto 2000; Wyithe, Turner, and Spergel 2000) . With N-body simulations of the standard cold dark matter scenario (Efstathiou 1990; Kauffman and White 1993) , or comparison with observations (Girardi et al. 1998; Girardi and Giuricin 2000) , the Press-Schechter mass function (Press and Schechter 1974) has been shown to describe the mass distribution quite accurately.
In this paper we use the semi-analytical approach to investigate the gravitational lensing of quasars by the foreground dark halos. We work with three kinds of cosmological models: the Einstein-de Sitter universe, the open universe, and the Λ universe (i.e. the flat universe). The matter content is assumed to be variants of the cold dark matter paradigm.
The mass function of the dark halos is taken to be the Press-Schechter function. We consider three kinds of density profile: SIS, NFW, and GNFW where the last model allows us to estimate (by varying the free parameters of the GNFW fit) alternatives to cold dark matter. For the various models we will calculate the lensing probability of splitting angles of multiple images, and compare the results of different models. As expected, we find that, the lensing probability is very sensitive to the mass density of the lenses, the mass density Most surprisingly, all the models based on the CDM paradigm presented in the paper give a big tail in the lensing probability for the splitting angles greater than 3 ′′ , which appears to be absent in observations. A model very roughly designed to match a WDM variant has a greatly reduced probability of large splitting angles. The paper is arranged as follow:
in section 2 the most simple case is investigated -SIS as the density profile for dark halos; in section 3 we consider the case with the NFW profile and the GNFW profile, the semi-analytical results are presented. In the final section we draw our conclusions.
Models with Singular Isothermal Sphere

Cosmological models
The lensing probabilities are basically determined by three factors: (1) the positions and the shapes of sources; (2) the positions, the density profile, and the mass function of lenses; (3) the cosmological model. In this subsection we define the cosmological models that we will use in this paper. The cosmological models are classified with parameters Ω m , Ω Λ , and Ω R , which are defined respectively by (Peebles 1993 )
,
where ρ 0 is today's average mass density (dark matter + baryonic matter) in the universe, G is the Newtonian gravitational constant, Λ is the cosmological constant, a 0 is today's scale of the universe, k = 0, ±1 is the spatial curvature of the universe, ρ crit,0 is the critical mass density of the universe which is defined by
where H 0 = 100h km s −1 Mpc −1 is the Hubble constant. Einstein's equations tell us that
We consider three kind of universes:
Einstein-de Sitter model (SCDM).
In this model, Ω m = 1, Ω Λ = Ω R = 0. The linear growth function -which describes the growth speed of linear perturbation in the universe (Peebles 1980 ) -is
where z is the cosmic redshift. The linear growth function has been normalized so that
Open model.
In an open universe, 0 < Ω m < 1, Ω Λ = 0, and 0
The linear growth function is
where
F 1 is well fitted with
with errors ≤ 1.3%.
3. Λ-model. A Λ-universe has 0 < Ω m < 1, 0 < Ω Λ = 1 − Ω m < 1, and Ω R = 0. The linear growth function is given by
F 2 is well fitted with
with errors ≤ 1%.
In all the three cosmological models, the proper cosmological distance from us for an object at redshift z is (Peebles 1993 )
-10 -where c is the speed of light.
Dark halos and galaxies are formed from primordial fluctuations of matter in the early universe. For fluctuations with power spectrum P k = |δ k | 2 , the variance of the fluctuations on radius r is (Kolb and Turner 1990 )
where W (kr) is the Fourier transformation of the window function. For a top-hat window function we have
for a Gaussian window function we have
If P k ∝ k n , −3 < n < 0, then, independent of the window functions, we have
where σ 
Mass function of dark halos
Assume the primordial density fluctuations are Gaussian. Then, the Press-Schechter function (Press and Schechter 1974) gives a good estimation for the fraction of halos with mass greater than M at any epoch with redshift z
where ∆ 2 is the variance of the fluctuations, and δ c is given by
In equation (15), r is related to M by
i.e.
The comoving number density of dark halos with mass in the range
Though it is obtained from very simple considerations, the Press-Schechter function has been shown to be remarkably in agreement with N-body simulations for the standard cold dark matter scenario (Efstathiou 1990; Kauffman and White 1993) and observations (Girardi et al. 1998; Girardi and Giuricin 2000) .
The variance ∆ 2 decreases with increasing mass M. Thus, f (M, z) given by equation (15) decreases exponentially with increasing M. Because of this, a crude knowledge of f (M, z) at the tail of the mass function curve (i.e for large M or large r) can give a strict constraint on cosmological parameters (Chiu, Ostriker, and Strauss 1998) . To see this, let's write the Press-Schechter function in the form
where we have used the fact that ∆ ∝ σ 8 . From equation (20), we have
Since f 1 changes with σ 8 very slowly, ∂ ln f 1 /∂ ln σ 8 is a small number. So, for A/σ 2 8 ≫ 1/2 (i.e. for large M or large r), a big error in f corresponds to a small error in σ 8 .
and
Then we have
For large M and large z, a large δf /f corresponds to a small δσ 8 /σ 8 .
In Fig. 1 top panel we plot the Press-Schechter function f against the velocity dispersion σ v for a SCDM cosmology with z = 0.3 and n = −2. The velocity dispersion σ v is defined by
where r 200 is the radius of a sphere around a dark halo within which the average mass density is 200 times the critical mean mass density of the universe (equation 
where M ⊙ is the solar mass and
The solid curve in Fig. 1 top panel is for σ 8 = 0.5, the dashed curve is for σ 8 = 0.6. It clearly shows that with the same amount of change in σ 8 , a larger change in f is obtained at the end of large σ v . In Fig. 1 bottom panel we plot ζ ≡ δf /f δσ 8 /σ 8 against σ v for a SCDM cosmology with z = 0.3, n = −2, and σ 8 = 0.5. Again, it shows that at the end of large σ v a poor knowledge in f gives a good estimation of σ 8 . Thus, the number of high velocity dispersion halos (rich clusters of galaxies) per unit volume depends very sensitively on σ 8 .
Interestingly, for high velocity dispersion clusters f does not depend on the combination
m which is the case for the general abundance of rich clusters of galaxies (Wang et al. 2000) . To see this, let's differentiate f with respect to σ 8 and Ω m for an LCDM model at Ω m = 0.3, σ 8 = 1, z = 0.3, σ v,1000 = 0.8, and n = −2. We obtain
which is significantly different from the expectation
if f depended on the combination η ≡ σ 8 Ω 0.6 m . This fact of breaking the degeneracy between σ 8 and Ω m is important since it allows us to determine the values of σ 8 and Ω m by combining the statistics of lensing and the abundance of rich clusters of galaxies.
Singular isothermal sphere for lenses
The most simple model for the lens (dark halo) is a singular isothermal sphere with mass density
where σ v is the velocity dispersion (Turner, Ostriker, and Gott 1984; Schneider and Falco 1992) . Though this model is simple, it can describe the flat rotation curves of galaxies and many basic features of gravitational lensing.
The surface mass density for the singular isothermal sphere is
where ξ ≡ | ξ| and ξ is the position vector in the lens plane. Choose the lens scales in the lens plane and the source plane to be respectively
where D S is the cosmic distance of the source object (e.g. quasar) from us, D L is the cosmic distance of the lens object (e.g. galaxy and cluster of galaxies) from us,
is the cosmic distance from the lens to the source object. Then the position of points in the lens plane can be written as ξ = xξ 0 , the position of points in the source plane can be written as η = yη 0 . The lensing equation is thus given by
where the critical surface mass density Σ cr , defined by (Turner, Ostriker, and Gott 1984) 
is of order the surface density of the universe.
Inserting equation (32) into Eqs. (34-36), we obtain
and the lensing equation for the singular isothermal sphere
Double images are formed if and only if
The separation between the two images is
thus the splitting angle is
It is useful to express the velocity dispersion σ v with the mass of halo:
where M 200 is the mass inside a sphere within which the average mass density is 200 times that of the critical mean mass density of the universe. I.e., M is defined by
where r 200 is defined by 
Note that, in equation (43), ρ crit is a function of the redshift of the lens object. Inserting equation (31) into Eqs. (42) and (43), we obtain
Usually lensing is most effective when D LS = D S /2 (Turner, Ostriker, and Gott 1984) . The value of ∆θ as a function of M is shown in Fig. 2 for different cosmological models with D LS = D S /2. The differences in ∆θ among different cosmological models are not significant.
The cross-section (defined in the lens plane) for forming two images with splitting
and ϑ is the step function:
The critical mean mass density of the universe at redshift z is related to today's critical mean mass density by
2.4. Lensing probability of the singular isothermal sphere
The integrated lensing probability is
where z is the redshift of the lens, z s is the redshift of the source object, and
where n ≡ n(1 + z) 3 is the physical number density of dark halos (n is the comoving number density of dark halos), σ(M, z) is the lensing cross-section for a dark halo with mass M at redshift z, f (M, z) is the mass function of dark halos which is assumed to be given by the Press-Schechter function (eq.
[15]).
If M uses unit 10
other local lengths use unit h −1 Mpc (thus σ uses unit h −2 Mpc 2 ), then
Inserting equation (47) and equation (33) into equation (51), we have for a singular isothermal sphere
where σ v /c is related to M by
where equation (45) and equation (49) have been used, and
Or, from equations (47), (33), and (52), we have
With equations (50), (56), (54), and (15), we can calculate P (> ∆θ 0 ) and dP (> ∆θ 0 )/dz for a given cosmology (specified by Ω m , Ω Λ , and Ω R = 1 − Ω m − Ω Λ ), given primary perturbations (P k and σ 8 ), and the position of the source object (z s ). For a power law
is given by equation (22). The solutions for n = −2 (which is suitable for clusters of galaxies) and z s = 1, for different cosmologies, are shown in Fig. 3 and Fig. 4 .
Models with Generalized NFW Halos
Generalized NFW profile
The singular isothermal sphere is simple and with it many basic features of dark halos can be described. However, the singular isothermal sphere does not fit well the profiles predicted by numerical simulations. The mass density of the singular isothermal sphere decreases too slow at large distances and raises too quickly at small distances. White (1996, 1997) proposed a "universal" mass density profile for dark halos:
the NFW profile, which fits the simulation results better than the singular isothermal sphere. The NFW profile is
where ρ s and r s are constants. It can be seen that at large scales (for r ≫ r s ) ρ NFW ∼ r −3 , at small scales (for r ≪ r s ) ρ NFW ∼ r −1 , both are better than that of the singular isothermal sphere. In the intermediate scales the NFW profile resembles the singular isothermal sphere.
However, with simulations with higher resolutions, Jing and Suto (2000) have argued that the NFW profile is still not correct on small scales. Subramanian, Cen, and Ostriker (1999) and Ghigna et al. (1999) have emphasized the dependence of density profile on the form of the power spectrum of the primordial fluctuations. Here we consider the generalized NFW profile (Zhao 1996) ρ(r) = ρ s r 3 s r α (r + r s ) 3−α ,
where the constant α (0 < α < 3) is a new parameter. Obviously, on large scales (r ≫ r s ) the generalized NFW profile is the same as the NFW profile. But on small scales (r ≪ r s ) they are different if α = 1. Define r ≡ r/r s , the generalized NFW profile can be written as
The surface mass density for the generalized NFW profile is
where x = | x| and x = ξ/r s , ξ is the position vector in the lens plane 1 . The lensing equation for a halo with the generalized NFW density profile is
where Σ cr is defined by equation (36). The dimensionless quantity µ s summarizes the ability of a given halo to produce multiple images. Multiple images are formed if and only if |y| ≤ y cr , where y cr ≡ −y(x cr ) with x cr > 0 determined by dy/dx = 0 (see Fig. 5 ).
Let's consider the splitting angle ∆θ between the two outside images (for |y| < y cr there are three images). For |y| < y cr , there are three roots for equation (61):
clearly ∆θ ∝ ∆x = x 1 − x 3 . In general, the value of x 1 − x 3 (and thus the value of ∆θ) is insensitive to the value of y for |y| < y cr (see Schneider & Falco 1992 ; for the extreme case of the singular isothermal sphere, ∆x is exactly independent the position of the source object in the source plane when double images are formed, see equation [40] ). So, we have
where x 0 is the positive root for y(x) = 0. Thus, for a lens with the generalized NFW density profile at redshift z, the cross-section in the lens plan for forming multiple images
The splitting angle ∆θ is given by
For α = 1 (the NFW case) and α = 2 (the modified singular isothermal case), g(x)
given by equation (62) can be worked out analytically. For α = 1, we have
For α = 2, we have
For other values of α (in this paper we generally consider the cases with 1 ≤ α ≤ 2), g(x)
must be worked out numerically.
For the generalized NFW profile given by equation (58), the total mass of a halo diverges logrithmly as r → ∞. So as usual. we define the mass of a halo to be that within
where c 1 ≡ r 200 /r s is the concentration parameter and
For 1 ≤ α ≤ 2, f (c 1 ) can be worked out analytically
where 2 F 1 is the hypergeometric function. From equation (43) and equation (69), we obtain
If we know the value of the concentration parameter c 1 , with equation (72) and (73) we can determine ρ s and r s for any halo with mass M and redshift z in any cosmology. However, to determine the value of c 1 is very complicated, and different methods give different results (Navarro, Frenk, and White 1997; Bartelmann et al. 1998 ). Here we take the values of c 1 from Bartelmann et al. (1998) 's simulation results for the NFW profile (i.e. the α = 1 case), and obtain the values of c 1 for other cases (i.e. α = 1) by referencing the values for NFW profile. To do so, let's assume that fitting a dark halo with different density profiles give the same ratio η ≡ r 1/2 /r 200 , where r 1/2 is defined by M(r < r 1/2 ) = M(r < r 200 )/2. Then we obtain a relation
In equation (74) The critical parameter for gravitational lensing is the surface density; mass concentration with a central surface density larger than the surface density of the universe, Σ cr ∝ Hc/G (see eq.
[36] for an exact definition), can produce multiple images (Turner, Ostriker, and Gott 1984) . While it is true that for α > 1 the surface density is divergent as r → 0 and, formally, all halos can produce multiple images, there may be very little mass contained within the Σ = Σ cr contour, so, large splittings will not be common unless the surface density at the half mass point is near Σ cr . That density in turn is proportional to σ ∝ ρ s r s , which for fixed cosmology and mass is proportional to S(c 1 ) ≡ c 2 1 /f (c 1 ). We show this function in Fig. 6 for α = 1, 1.5, and 2. The steep dependence of µ s ≡ Σ/Σ cr ∝ S(c 1 ) (see eq.
[75]) on c 1 indicates that, for any assumed α, more concentrated halos will be much more effective at lensing.
Several papers have noted that the large concentrations indicated by high resolution N-body simulations may be inconsistent with a variety of observations including the inner rotation curves of galaxies (Moore 1994; Flores and Primack 1994; Navarro, Frenk, and White 1996; De Block and McGaugh 1997; Moore et al. 1998; Tyson, Kochanski, and Dell'antonio 1998; Spergel and Steindhardt 2000) . Here we note that if we alter, for whatever reasons, the concentration parameter from ten to five we lower the characteristic half mass surface density by a factor of 3.5 reducing greatly the mass density in the universe in halos which is over the critical surface density, and thus reducing the probability of lensing by a large factor.
Lensing probability of the generalized NFW profile
Once ρ s and r s are determined, we can calculate µ s with µ s = 2.0014 × 10
where equations (36) and (63) have been used. With equations (61), (66), (72), (73) (65), the differential lensing probability with the generalized NFW profile is
The integrated lensing probability is calculated with equation (50).
With equations (50), (76), (61) (for solving y cr ), (72), (73), (75), and (15), we can calculate P (> ∆θ 0 ) and dP (> ∆θ 0 )/dz for a given cosmology (specified by Ω m , Ω Λ , and
, given primary perturbations (P k and σ 8 ), and the position of the source object (z s ). For a power law spectrum
The solutions for n = −2 (which is suitable for clusters of galaxies) and z s = 1, for various cosmologies and various values of α, are shown in Fig. 7 and Fig. 8 . The implications of these results will be discussed in the next section.
Discussion and Conclusions
With the semi-analytical approach we have calculated the probability for the splitting angle of multiple images of a remote source object (quasar) gravitationally lensed by dark halos with the mass function given by the Press-Schechter function in various cosmologies.
The mass density of the halos are alternatively taken to be the singular isothermal sphere, the NFW profile, and the generalized NFW profile. From the results presented in Fig. 7 and Fig. 8 , we find that the lensing probability is very sensitive to the density profile of dark halos, the value of Ω m , and the amplitude of primordial fluctuations (σ 8 ). The more the mass distribution concentrates toward the center, the higher lensing probability the density profile gives rise. The lensing probability increases quickly as Ω m and σ 8 increase.
This can be understood from the fact that the lensing probability is proportional to Ω 4/3 m and increases exponentially with σ 8 (Mortlock and Webster 2000) . To show the sensitivity of the lensing probability to σ 8 , Ω m , and α, we have evaluated the differentiation of P with respect to σ 8 , Ω m , and α for the Λ-model at σ 8 = 0.9, Ω m = 0.3 (so Ω Λ = 0.7), α = 1.5 for θ = 5 ′′ and θ = 10 ′′ respectively, the results are
for θ = 5 ′′ , and
for θ = 10 ′′ . Note here the extreme sensitivity to the slope of the inner profile:
All the models investigated so far produce a big tail in the lensing probability for the splitting angles ∆θ > 3 ′′ , which appears to be absent in observations [see Fig. 9 in this paper, where the observational results of JVAS/CLASS are shown as the histogram (Helbig 2000); Fig. 3 of Wambsganss et al. (1995); and Phillips, Browne, and Wilkinson (2000) ].
This remarkable phenomena also appears in the semi-analytical results of Kochanek (1995) and the simulation results of Wambsganss et al. (1995) . This implies either that the observations are incorrect for ∆θ > 3 ′′ , i.e. there are many multiple images with large angle splitting but we have not seen them 2 , or that some elements in the theory presented so far must be wrong. A selection effect in observing multiple images with large splitting angles must exist, images with large splitting angles are more difficult to observe due to the large time delay between them (E. L. Turner 1999, private communication; Phillips, Browne, & Wilkinson 2000) . However, even if this selection effect is taken into account, it is not clear if the theories can reproduce the observation results. Therefore, we cannot rule out the possibility that some elements in the theories we have used are incorrect.
In our calculations we have fixed the source redshift at z = 1. This may distort the results in the following way: (1) The lensing probability is somewhat underestimated compared to an actual typical quasar sample; (2) The sensitivity of the lensing probability to the lens central concentration may be modestly overestimated; (3) The predicted distribution of lens redshifts is truncated, perhaps modestly significantly. However, the shape of the predicted lensing probability as a function of the splitting angle is not expected to be changed.
In Fig. 9 also shown are the result of Wambsganss et al. (1995) for the SCDM model 2 See Phillips, Browne, and Wilkinson (2000) for the Arcminiute Radio Clusters-lens Search (ARCS) project which is aimed at looking for gravitational lensing events with image separation between 15 ′′ and 60 ′′ .
with σ 8 = 1.05, and the result of Kochanek (1995) for the SCDM model with σ 8 = 1.4.
Considering the difference in the normalization of σ 8 , our results are consistent with both those of Wambsganss et al. (1995) , and those of Kochanek (1995) . All the theoretical results predict the existence of lensing events with large splitting angles which are absent in current observations. Thus the different methods appear to be consistently producing a result at variance with observations. Finally, we construct one more model to illustrate how a variant of the CDM scenario might change the expected result. Bode, Ostriker, and Turok (2000) have performed detailed, high resolution, N-body simulations of the warm dark matter (WDM) scenario to determine if this variant can successfully address the putative difficulties of the CDM paradigm. They find a significant decrease in concentration (see Fig.   5 of their paper) in the WDM scenario and also a decrease in the best fit α. To test what effect this world has on our predictions, we show, in Fig. 9 , an illustrative model which is cosmologically identical with the LCDM model but has different halo properties. In the LWDM model we reduce α by 1 from the SIS value of 2 to the NFW value of 1 and we have reduced the assumed concentration parameter, c 1 , from the value of 7 [adopted from Bartelmann et al. (1998) ] to a value of 3.5. One sees that the LWDM curve is lowered with respect to the LCDM curve by a factor > 100, so that now the predicted number of large splittings is so low as to be compatible with observations. Of course the observed small splitting part of the curve must now be produced by the inner baryonic mass contribution which Keeton, Kochanek, and Falco (1998) has shown may plausibly be accomplished. A more careful treatment combining an observationally determined inner profile with a less concentrated outer profile will be required to see if the solution proposed in this paper, for the large splitting probabilities is variable. the open model and the Λ-model is not very big, which is in contrast to the results of Bartelmann et al. (1998) for the case of arcs.
Compared with the approach of numerical simulation, the semi-analytical method has the disadvantage that it requires more theoretical inputs, e.g., it requires to pre-assume the form of the mass density profile and the mass function of dark halos. But, the semi-analytical approach has the advantage that it does not suffer from the limits in halo mass caused by size of box and the numerical resolution which inevitably occur in simulations. The influence of the size of box and the numerical resolution on the lensing probability is significant: they give cutoffs at both the end of small splitting angle and the end of large splitting angle, which can be seen in the simulation results of Wambsganss et al. (1995) . Another benefit in the semi-analytical approach is that with it we can calculate a number of different models one time, while the simulation method can only deal with one model one time due to the limitation of computer time.
In summary, with the semi-analytical approach we have shown that the gravitational lensing probability is very sensitive to the mass density profile of lenses (especially at the central region), the mass density of the matter in the universe, and the amplitude of primordial fluctuations in the early universe. Most surprisingly, all the CDM models presented in the paper predict a significant amount of lensing events with large splitting
angles, which appears to be absent in observations. An illustrative warm dark matter model computed for comparison appears to resolve the problem. It is a big challenge how to understand this discrepancy between theories and observations and to see if the recently proposed variants of the CDM paradigm can, in detail, solve the problem. Ultimately, of course, very accurate address of the question is left open by this study.
We are grateful to E. L. Turner for many helpful discussions and comments. This work was supported by the NSF grants ASC-9740300 (subaward 766) and AST-9803137. Again, the halo is assumed to be at z = 0.3. It shows that for large σ v , a poor knowledge in f can give a good estimation on σ 8 . Three images are formed when |y| < y cr , two images are formed when |y| = y cr , one image is formed when |y| > y cr . So, multiple images are formed when |y| ≤ y cr , an example is shown with the horizontal long dashed line ABC -which has three images: A, B, and C. In the paper we consider the splitting angle between the two images which are separated with the largest angle when images more than two are formed, i.e we consider the splitting angle between A and C. Right panel: The differential lensing probability dP/dz for ∆θ > 5 arc seconds as a function of lens' redshift z. The models are the same as those in the right panel of Fig. 7 . has been multiplied by a factor of 100 to fit it on the same scale as others. 
